In this paper we characterize √ 2-1-uniform J-Parseval fusion frames in a Krein space K. We provide a few results regarding construction of new J-tight fusion frame from given J-tight fusion frames. We also characterize any uniformly J-definite subspace of a Krein space K in terms of a J-fusion frame inequality. Finally we generalize the fundamental identity of frames in Krein space J-fusion frame setting.
Introduction
Frames for Hilbert space is a well known concept. The theory was introduced by Duffin and Schaeffer [1] in the year 1952. Now frame theory has applications in almost every areas of applied mathematics. With the development of Hilbert space frame theory and its continuous application in Data transmission, Networking and Signal Processing some emerging research areas created. Filter bank theory, packet-based communication system are some of the examples of new research areas in Frame theory. But to study these areas we need distributed processing such as sensor networks [35] . To tackle this problem frames were build "locally" and then glued together to obtain frames for the whole space. A beautiful approach was introduced in [3] that gives a general method for adding together local frames to get global frames. This powerful method was introduced by Casazza and Kutyniok in [3] which they called Frames of subspaces. Later they agree on a terminology of Fusion frames. This concept provides a useful framework in modeling sensor networks [19] . Different aspects and applications of fusion frame can be seen in [5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20] .
Since fusion frame in Hilbert space has such a huge application so it is a natural demand to extend these ideas in Krein space frame theory. Some work already had been done in this direction [22, 23, 24] . Krein space has some interesting application in modern analysis. Some known areas of application are in High energy physics, Quantam cosmology, Krein space filtering etc. The theory of frames in Krein space can be found in [28, 29, 30, 37, 38] . P. AcostaHumánez [31] defined fusion frames in Krein spaces. In their work they found a correspondence between fusion frames in Hilbert spaces and fusion frames in Krein spaces. But their definition involves fundamental symmetry in Krein space which is not unique. In [39] we defined fusion frame in Krein spaces in a more geometric setting motivated by the work of Giribet et al. [29] , and we called them J-fusion frames.
In this paper we are interested to investigate the properties of J-fusion frame in Krein space frame theory.
Preliminary Notes
In this section we briefly recall some basic notations, definitions and some important properties useful for our further study. For more detailed information we refer the following references [28, 37, 29, 3, 4, 18, 20, 38] .
Let π M be the orthogonal projection from the Hilbert space H onto the subspace M of H. Then the range space of the projection is M i.e. R(π M ) = M and the null space of this orthogonal projection is
Definition 2.1. Let I be some index set and {W i : i ∈ I} be a family of closed subspaces in H. Also let {v i : i ∈ I} be a family of weights i.e.
C and D are known as lower and upper bounds respectively for the fusion frame. If C = D then the fusion frame is known as C-tight fusion frame and if C = D = 1 then the fusion frame is known as Parseval fusion frame. Moreover, a fusion frame is called v-uniform, if v := v i = v j for all i, j ∈ I. The family of subspaces {W i : i ∈ I} is an orthonormal basis of subspaces if H = ⊕ i∈I W i .
Let π M be an orthogonal projection in a Krein space K onto M. Then π 
Let {W i : i ∈ I} be a collection of non-indefinite subspaces of the Krein space K. We consider the space
where f, g ∈ i∈I ⊕W i . If the series is unconditionally convergent then [·, ·] defines an inner product on i∈I ⊕W i .
Definition of J-fusion frame
Let I be some index set and let {v i : i ∈ I} be a family weights i.e. v i > 0 ∀ i ∈ I. Let {W i : i ∈ I} be a Bessel family of closed non-indefinite subspaces of a Krein space K with synthesis operator
and denote by P ± the orthogonal projection onto ( i∈I ± ⊕W i ) ℓ 2 . Also, let
We will use this space frequently in our work.
Theorem 2.3. For each i ∈ I, let v i > 0 and {W i : i ∈ I} be a collection of definite subspaces also let {f ij } j∈J i be a J-frame sequence in K. Define W i = span j∈J i {f ij } for all i ∈ I. Then the following conditions are equivalent.
i ∈ I} be a J-fusion frame for the Krein space K. Then {W i : i ∈ I + } is a collection of uniformly J-positive subspaces of K and
Main Results
The idea of Tight/Parseval frames has many important applications in Hilbert space frame theory as well as in Krein space frame theory. In finite dimensional cases the concept has some beautiful geometry. So in this section we are motivated to define Tight J-fusion frames in Krein space and further we will study some important properties derived from the definition.
From the definition 2.2 we know that every J-fusion frame in K decomposes the Krein space into two parts. The positive part M + is the maximal uniformly J-positive subspace and the negative part M − is the maximal uniformly Jnegative subspaces. Now the cone of neutral vectors in K is denoted by C and defined by C = {n ∈ K : [n, n] = 0}. In [29] we have a concept of angle between any uniformly J-definite subspace of K and C. Using the results of [29] , we have the following two equations.
) and
), where
. Now every J-fusion frame is associated with a positive real numbers ζ, 2) . We will use the real number ζ (associated with a J-frame for K) extensively in our work and instead of the term J-fusion frame for K we will use the term ζ − J-fusion frame for K.
be a J-fusion frame for the Krein space K. Then F is said to be a ζ − J-tight fusion frame iff
Moreover, F is said to be a ζ − J-Parseval fusion frame if it is a ζ − J-tight frame for the Krein space K and in addition A ± = ±1.
Example 3.2. Consider the Vector space ℓ 2 (R). Let us define a inner product on
and v 4 = 1. Then (W i , v i ) : i ∈ {1, 2, 3, 4} is a J-fusion frame for the above Krein space ℓ 2 (R). It is also a J-Parseval fusion frame with ζ =
. By numerical calculation we have α + = 1 and β + = 1 2 .
Some results on J-tight fusion frames
In this section we will define J-orthonormal basis of subspaces for a Krein space K. We will also find a relation between J-orthonormal basis of subspaces and 1-uniform J-parseval fusion frames in K.
Definition 3.3. Let F = {W i : i ∈ I} be a family of closed non-indefinite subspaces of a Krein space K. Then the family is said to be an J-orthonormal basis of subspaces if
is the cannonical decomposition of the Krein space.
Consider √ 2 − 1 − uniform J-Parseval fusion frames for a Krein space K. Our next theorem will establish a relation between √ 2−1−uniform J-Parseval fusion frames and J-orthonormal basis of subspaces for a given Krein space.
Theorem 3.4. Let K be a Krein space. Then any ζ − J-fusion frame is a J-orthonormal basis of subspaces for K iff it is a √ 2 − 1 − uniform J-Parseval fusion frame for K.
Proof. Let {W i : i ∈ I} be a J-orthonormal basis of subspaces in K. So let
. By similar arguments we have c
Also it is easy to see that {W i : i ∈ I + } is an orthonormal basis of subspaces in K + . Hence it is a 1-uniform Parseval frame of subspaces in K + . So, {W i : 
Example 3.6. Every ζ − J-fusion frame in a Krein space K is a disjoint sequence of K.
Definition 3.7. Let F = {W i : i ∈ I} be a collection of subspaces in the Krein space K. Then F is said to be strictly disjoint sequence iff i∈I
We will now derive an useful result regarding ζ − J-Parseval fusion frames for a Krein space K. Our theorem guarantees that a Krein space is richly supplied with ζ − J-Parseval fusion frames.
Theorem 3.8. Let (K, [·, ·], J) be a Krein space. Assume that M 1 and M 2 are definite subspaces of K respectively. Let {(X i , u i )} i∈I 1 and {(Y i , v i )} i∈I 2 are Parseval fusion frames for M 1 and M 2 respectively.Then
Proof. Without any loss of generality we assume that M 1 is positive J-definite.
Hence it is intrinsically complete. [37] ). Since both M 1 and M 2 is closed J-definite and also intrinsically complete, hence both M 1 and M 2 are uniformly J-definite (see [28] 
is a ζ −J-fusion frame for K. As both {(X i , u i )} i∈I 1 and {(Y i , v i )} i∈I 2 are Parseval fusion frames for M 1 and M 2 respectively, so
Remark 3.9. The statement of the above theorem is sufficient but not necessary. Since let {(X i , u i )} i∈I 1 ∪ {(Y i , v i )} i∈I 2 is a ζ − J-Parseval fusion frame for K for ζ∈[ √ 2, 2), then there exists uniformly J-positive definite subspace M + and uniformly J-negative subspace M − such that {(X i , u i )} i∈I 1 is a Parseval fusion frame for (M + , [·, ·]) and {(Y i , v i )} i∈I 2 is a Parseval fusion frame for the Hilbert space (M − , −[·, ·]). But M + may not be perpendicular to M − . Hence {X i } i∈I 1 ∪ {Y i } i∈I 2 may not be a strictly disjoint sequence in K.
The following result for ζ − J-Parseval fusion frames describes how ζ − JParseval fusion frames can be combined to form a new ζ − J-Parseval fusion frame under some restrictions. Proof. Since {X i : i ∈ I} and {Y i : i ∈ I} are strictly disjoint sequence in K hence X i + Y i are closed subspaces for each i ∈ I. Let {(X i + Y i , v i ) : i ∈ I} be a ζ − J-Parseval fusion frame for K. Also it is given that {(X i , v i ) : i ∈ I} and {(Y i , v i : i ∈ I} are ζ − J-Parseval fusion frames for K. Hence X i ⊂ M + for all i ∈ I + . Similarly Y i ⊂ M + for all i ∈ I + . According to our assumption for each i ∈ I + , X i is uniformly J-positive subspace of K. Hence regular. Since X i + Y i is a closed subspace of M + . Hence it is also regular. Similarly we can say that for each i ∈ I − , X i + Y i is also regular.
Since
and T * X,v + , the analysis operator is defined by T * X,v 
− be the synthesis operator for the frame
. Also let us assume that T * X+Y,v + and T * X+Y,v − be the adjoint operators of T X+Y,v + and T X+Y,v − respectively. Now let us define 
easy to show that the condition T * X,v 
Now if we choose g = S W,v (f ), then the above equation reduces to
Now replacing I 1 by I c 1 we can have the other part of the equality. Combining we finally get
We need the following beautiful theorem for our further study. 
The decomposition of M is guaranteed by the spectral decomposition of the Gramian operator. 
So, using equation (3.2) it is easy to see that
So applying Douglas theorem [33] we have
Also we have R(G M ) ⊆ R((G M ) 1/2 ). Moreover, it follows that R(G M ) is closed since R(G M ) = R((G M ) 1/2 ). Let M ′ = M ⊖M 0 . Since R(G M ) is closed, so by reduced minimum modulus theorem there exists γ > 0 such that
Hence M ′ is a closed uniformly J-positive subspace of K. Conversely, suppose that W is a frame for (M, [·, ·] J ), i.e. there exist constants B ′ ≥ A ′ > 0 such that 
Therefore again using Douglas theorem we have R(P M JT W,v ) = R(G M ′ ) = R((G 
